In this work, we study the nonlinear integrable couplings of the KdV and the Kadomtsev-Petviashvili (KP) equations. The simplified Hirota's method will be used for this study. We show that these couplings possess multiple soliton solutions the same as the multiple soliton solutions of the KdV and the KP equations, but differ only in the coefficients of the transformation used. This difference exhibits soliton solutions for some equations and anti-soliton solutions for others. 
Introduction
The ubiquitous KdV equation [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] in dimensionless variables reads
This equation models a variety of nonlinear wave phenomena such as shallow water waves, acoustic waves in a harmonic crystal, and ion-acoustic waves in plasmas. The KdV equation is completely integrable and gives rise to multiple-soliton solutions. This equation has been studied by a variety of methods such as the inverse scattering method and the Bäcklund transformation method. The KdV equation admits multiple-soliton solutions and exhibits an infinite number of conserved quantities.
Kadomtsev and Petviashvili [10] relaxed the restriction that the waves be strictly one dimensional, namely thedirection of the KdV equation to derive the completely integrable KP equation (2) . The KP equation describes the evolution of quasi-one dimensional shallow-water waves when effects of the surface tension and the viscosity are negligible.
The theory of nonlinear integrable couplings of ordinary soliton systems was presented in [2, 3] and further studied in [1] and others. In [2, 3] , Ma et al. proposed the perturbation method for establishing integrable couplings. Zhang et al. [4] presented the enlarged Lie algebra method to obtain integrable couplings. Particularly noteworthy are the constructions of integrable couplings based on the nonsemi simple Lie algebras [1] . In fact, there are several methods adopted to construct integrable couplings, such as perturbations, enlarging the spectral problem, creating new loop algebras, and semi direct sums of Lie algebra. Lot of work has been done in this field and many integrable couplings were constructed [5, 6] . It is now known that for an integrable system, we can construct a new integrable differential equation system, called integrable couplings, which includes the given integrable equation as a sub-system. In [1] , a very natural triangular nonlinear couplings of integrable systems were developed. The construction in [1] was made on the level of evolution equations by a modification of the algebra of dynamical fields. The n-coupled KdV (nc-KdV) was given in the form
The integrability of the couplings (3) was examined in [1] .
Using the KP sense, we also relax the restriction that the waves be strictly one dimensional, and introduce the n-coupled KP (nc-KP) in the form
Many reliable methods are used in the solitary waves theory to investigate solitons, and in particular multiple soliton solutions of completely integrable equations. The algebraic-geometric method, the inverse scattering method, the Bäcklund transformation method, the Darboux transformation method, the Hirota bilinear method, and other methods are used to make progress and new developments in this filed. In this work we aim to apply the simplified Hirota's method [13] [14] [15] [16] [17] [18] for a reliable study. We will show that these couplings possess multiple soliton solutions the same as the multiple soliton solutions of the KdV and the KP equations, but differ only in the coefficients of the transformations that result in soliton solutions for some equations and anti-soliton solutions for others.
Multiple-soliton Solutions of the n-coupled KdV Equation
In this section, we will examine multiple-soliton solutions of the couplings of the KdV equation 
and as a result we obtain the following phase variables
The multiple soliton solutions of the couplings (5) are assumed by the Hirota's method [12] to be of the form
where the auxiliary function ( ), for the single soliton solution, is given by
Substituting (9) into (5) and solving for R we find
and this can be combined in the form
Substituting (10) into (9) gives the single soliton and the single anti-soliton solutions
In other words we obtain soliton solutions for odd, and anti-soliton solutions with the same amplitude for even. For the two soliton solutions we set the auxiliary function by
Using (14) in (9) and substituting the result in (5), we obtain the following phase shift coefficient
Similarly, if we set the auxiliary function by
and proceeding as before we find
The two soliton solutions and the two anti-soliton solutions are obtained by substituting (15) and (14) into (9) . It is well known that a two soliton solution [11] can degenerate into a resonant triad under the conditions 12 = 0 or ( 12 )
Accordingly, the resonance phenomenon does not exist for this coupling because 12 = 0 and ( 12 ) 
The three soliton and the three anti-soliton solutions are obtained by substituting (18) into (9). This shows that each equation of the coupling (5) possess the same properties as the KdV equation: the same phase variable, the same phase shift, the same amplitude, and the non resonance phenomena. However, the only difference is that some equations give soliton solutions whereas others give anti-soliton solutions. The integrability of the coupling (5) was examined in [1] [2] [3] .
Multiple-soliton Solutions of the n-coupled KP Equation
In this section, we will examine multiple-soliton solutions of the couplings of the KP equation 
The multiple soliton solutions of the couplings (20) by the Hirota's method [12] to be of the form
Substituting (24) into (20) and solving for R we find
Substituting (25) 
In other words we obtain soliton solutions for odd, and anti-soliton solutions with the same amplitude for even. For the two soliton solutions we set the auxiliary function by ( ) =1 + 1 + 
